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1.2,
whether the "observers" agree in thelr opinion &bmut the

. @ug ﬁh@ v Mu@ﬁ f" 3 .o .‘ % -

A _generalization of the method of 72 rankings
by'ﬁwﬁanard anﬁ Fh van Elteren '
communicated by Prof, Dr D.van Dantzilg
at the meetling of June 27, 1953,

A, Introductlon.

4:1. The method of 2 rankings due to M.FRIEDMAN[3] 1) 1s
tr@atad hy*m.ﬁﬁxgwﬁﬁLL in his book about rankcorrelation

methods [ 6], chapters 6 and 7. KENDALL considers mss "
vers" B, ..., A. . Every observer ranks g "ob, 2 _
aggwﬁﬁ and the results are wrltten down ln the fmllﬁwing;
scheme, ”

w 9

where the letters 2} denote the ranks and 4, ~§ﬁ?ﬁwu

. /s
their column totals. i
~ In this paper for the raunking procedure the termi-
y used by M.G.KENDALL in [1] (e.g. the terms: "ramk",
F&ﬁkiﬂiﬁg'nti@ 5 eta#) is applied, ' '

The method of

noelog

rankings enables us to m%mi@ﬁm

ranks . Por that eason one t&ﬁtﬁ the hypathasiﬁ

?),

- which in the case of absence of ties states, that thﬁ rank
 ings are chosen at random fr«
mutations of the numbers ¢,
'  fP$nd@nt )

Ot th@ collection @f all peﬂ“
e ﬁhat th@y ar@ inﬂ@*

mwwﬂwwmmmmﬁﬂﬁmm&w nﬁwmmﬂﬂm

ﬁﬁ?ﬁ b@twaanibvackata mf the type Eﬁiraf@r~tn th@
liaﬁ wf r@f@r@naaﬁﬁj |

_ 'ﬁ) If no r&ﬁtriabimnaéﬁr% mentioned in this @aper’/w 1@1

' Eu” ﬁ @ ﬁ ﬁ'@ 4 Sy et

th@ v&lu@ﬂ hd,...

3)'When téﬂra ar@ ti@ﬁ# & ﬁligﬁﬁly dlffarent hypahk

43 Ve use th@ @ﬁrm'”indﬁﬁﬁniﬁnt“ fmr muﬁually e.mﬁ
ind&pﬁnﬁﬁnt“ &ﬁcbrﬁifﬁ_*r-zigﬁf=}‘---w-f- L
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- For the general i.mm@n of th@ method of »#24

T —

The statistlc used 1as3

‘e

('142*‘1)

M. FRIEDMAN and M.G.RENDALL have computed the probablllty

distribution of 2 for the case that 4, 1s true and »»
and »» are small, For large values of »»n one can use the
statistic (introduced by M.FRIEDMAN)

(1.2,2) A = ccmm———

which, if % is true; 1s distributed agsymptotically as B
.. xn" with #7=/ degrees -:E‘ freadom, If ties oceur, a correct- 1
ton iz applied {m 3.4). Also an asymptotic Z ~test, due 1
to M. &gv'--:am mwm,, to be used 1f  or »+ is large (ﬁ@@ B

[5) chapter 6).

rankinge in this
EDMAN 's

paper we only conslder a statlstlic analogous to FRI

3
A -

1.3, Th& ﬂﬁtical mgicm of FRIEBMAN’ﬁ tast camiam of
all values of S , which are not smaller ‘than

18 the gmataat value of © , for which
{ ST S | He }

and o is & given number ( d< U < L ), the level of signifi- §
cance, Lf i‘}h@r@ is strong concordance between the mbwrvarﬁf
S will selee a large value and 46 will be rejected, The §
test is thm a gimple method to investipgate “wnmrdauw

s Where S,

- in I'W.-E-Gf nmbers ( Qbﬂﬂwatimnﬂ) of equal length. It 18  §
_'.__'mt nmamw that the letters O, in scheme (*‘i‘ 1.1) refer §

. to ab;}@cw and the letters &
A

@maut@i e:m. different moments @, ..

' -#ariahlw o ,W 5 oneg ahwwaﬁiana oe,, of each X
' :J”-_availa‘bl%# iﬁ‘w @aah

by un‘wmmn’* |
o j;,_vamabm am M‘t@n dammd b‘y th@ am& smwl; M’b **

P to "observerf. For example §
, P, may be measurements of diffamn’c quantities
.28, . In that case, an@;_fr

poses, ﬁhm the maaaummanta are abmwatien O

thﬁ ﬁbww atlone %,

_'_Qwhwm ‘b%ted@ the ranks aw ran,t,f:
&5, The mnﬁam character of a variable is ﬂﬁnﬂit@é‘f

3 itﬁ symbol Valu@a assumed by & ramitm

lined. d p f - .
. The gmml d@n@tw an muality, M:ﬁ'mm@ tm wi’t’» J -fifg;

hand mm‘bw .
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-~ ' ranked according to increasing values, Then Ap 1s valid if
€.8. the sets a% : ﬁgjﬁm are independent random samples
= taken elither from thﬁ same or also from different distri-
butions, The teat 1s often applied when one expects con- |
cordance caused by a common trend within each ef the random ?
vectors (%, ﬁw}

4.4. In practice it often occurs that the number of obser-
va‘biam of ,w ig not one, but elther Zero or another po=
sltive integer, In that case we cannot apply FPRIEDMAN's |
method of 4 Tan e

DURBIN has given a generalization, which can be uwsed in
- pankingSschemes in which observations sre lacking, but
these schemes are of a very speclal type and must be plan-
ned before the experiment. See [2] and 3.5 below,

1.5, In this na,pm:* we shall consgider a much wider g@nﬁran

| 115%:’{.’1&5 where the number of obmwammns of %ﬂy may be

any arbitrary non-negative integer » TO achieve this,

; - we rank for each 4 , the observations corresponding to
“abmwgr“? . The ranks of observations of %N , Bre sald
to belong 'to cell ( /4 ¥ ). The present method can also be.

2 "’l.lﬂ ‘are empty, because some experiments have |

uged 1f some, mf
falled, o i | o
- ﬂﬂﬂﬁhafa'igparam@tarag,,v our test i$ m@re com=  :;
~plicated than FRIEDMAN's test, The high number of parame- |
| t@rﬂ also foreces us to restrict ourselves to amlaaymptatia ;f
-~ teat, |

':ﬁ 6. Summary of the paper's contents: . _ R
In E.‘-‘ we describe the computation of our statlstic (2#*1wa...\,-ﬁs-f;‘??
_ _ and we state &mf‘fici@mt @mﬂtﬁﬁi‘biﬂnﬁ for i:hia aaijatistw %o ',
?and adel some have asymptotically a x wamwmutmn { 45 FIn 3 we cii'am
 ramarks conceening oug some speclal cases of our test and 4 18 & mmhematiwl
 the app“ﬁé“@ﬁ @f’ appenalx mn‘t}mnﬁ.mg the proofs of t;hmmmm on, which our
3 tha "%f(a’ﬁ_ ua) rwulta are based,

D o N La __-".. Crm . h- T
.‘:q_‘_\ LT L o T .
S L I =] Foava e @ s b .

241, Ve have seen in , that in the 4" ranking of our |
- .'Mh&ma we ham A;M é , ranks, In eaeh x*anking A t:m 8" j?'

- N (ﬁ@ﬁ;#;g} are allawad¢ Th& numbar of ranks in a tie is  ;;
~ called the slize of that tie, In particular a rank that is |
. 'm'h mual m m:;r mﬁbmr rank in the same ranking is wm m@rw'
-m M a 'i:;’m @f M.:m y! ?) H@ d@mt& by L;a e the nu_ber e:;f
?) -'_u't; if ali rmk% are un%qu&l we uaually aay that tham |

m‘*@ "no '-"‘i‘s-iﬁﬁ’“ in the @ﬁhﬁmm_ ) ik

oy
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ties of size p 8) and by j}@ the size of the greatest tile
in the /wth ranking.
th

2,2, For aaﬂh/@*@*we derive from the ranks ef the 4
mnking# the "reduced” ranks by substracting (i%@» /),

the arithmetical mean of the ranks of th@m;th ranking. The |
gum of the reduced raﬂka in cell (/w&*) is dencted by"j;vn‘
If /JM, = O we pu’c %w =0, We use the symbol mﬁw because,|
\f Kyw3{, @, 1s the reduced value of Wil€o¥eN's sta- |
tistlc, usually denoted by ;E!(ﬁﬁﬂ L8Y ana 1131 ), of the
sample of obmervations of cell { #¢ ) against the sample _
of all other ohservations of fz taken together, Instead af_~
acheme {(1.1.1) we now get: '

where the quantities &, = 2 ‘?} , will be called the

column~tobals,

2,3. We compute the quantities:
(2.3.1)

 where
C (2.3.2)

~ The MQBrﬂi
'_@ften*uﬁé a
_.”Bnﬂﬁr th@ 5;3$bh@$i@
.':.:wa hav& ) -

: Wﬁmmmmwwmwwwwﬂm Vo N i |

8) In 'f"-;hm mmr s wpmw
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(2&3#‘3) G;M -
and B0 4 18 the matrlx of the variances and covarlances
fo the column~totals. (Pooof see 4.1, Theorem I.)

2.4, In the following text we ﬁh&ll omit all rows in
which all ranks are equal or all are zeroc except for
one value of ¥ only., As for these rows all guantities

é@ﬂy 2 0 , thew do not contribute to the values of the quan~

titles %é . They are called "superfluous rows",

2:5, It 1s posgsible that Iin our scheme so many numbers
#,, are zerc, that we have two or more complementary |
gats of objects, so that in every ranking only the objJects
of one of these sete occur. These sets are called non -~

compared sets of abjecta 3 the pumber of non.compared sets
of objects will. ’ﬁ@ denoted by .4 . Formally the number 4 of ]
non compared sets of objects is the greatest number of
mututally exclusive &mhww ﬁﬂé (¢=2/s. .., 4) into which

the Mt Qf‘ numbers {ﬁ. e s WE can be divided so that
o

v/ F L f with

Wf’fj; /s Cay,, o, By fyw/,,. oo, 4] E:“? v,

If a suomatriz () of V/
1e called & “"submatrix with ccampiemmtary sid@a“; then
if 4>/ , there is at least one "submatrix with comple-
mentary sides™ in v :» 2ll elements of which are zero.
In %__‘*_2 we shall prove the theorem II:
areﬂ sets of o

#mmmmmmmmmmmmmmww mm-vm

9} Th& case m 2 will be mmmwm :m a.,.
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- | by omitting an arbitrary row and an erbltrary column,
except Tor the last row and the last column, and compute
= its determinant & j consider also the matrix obtained
L froms

by omitting an arbitrary row snd an arvbltrary column, and
computbe ity determinant AW Then our statistlc isg

the chelce of the rows and
columns @miﬁt@d in V and V¥ s 88 1n both matrices, tive q |
CREGERe. TOW {ﬁ@ lumn) ig & linear c@mb ination of the other
rows (columns}), (€f. (4.2.3) %&MW}

2:0. Before we can treat the asymptovlc distribation of
) OO w firet have to d@ammb@ the hypothesis /4 on whi e.h
1t is based. N |
The result of an experiment is, according to our test, ?;-'-
prought into a scheme of 74 ranikings: or sets of ranks,
each of which is dlvided in subsets, cmrmap@nding to the
objects, called "cells", . - N |
We consider the collection of all possible results of
@xwrim-n‘m wham the nunbers »@ﬁw (see 2,1) as well 88
 the ranks ocourring in the rankings, are the same as those J
- found in the mpwm@m actually p@rmrmm Hwath%m Mo |
 ' gastulmw that we havet - | -
A For each ranking all possible manners of dividing the I
b D y wt of ranks in-to twe cells/have the same prob ab 11 :L‘w " 8 |
'rm different rankin 28 A1 imciewn&m‘h . ' N |
~ 1f the ranks are based upon observations of random  f|
vawiabiﬂﬁ #,, the hypothesis 4, will be valid if all [
ef v am i;f@pand &n‘t and the VM‘“:I. ab :‘wa X Cv wi‘bh. the ﬁ am@
hawa th@ Mm d:m ’t:m..- ublon f et
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......

..:i'.. bt B dia plinlers ot . e .:.---—_...-_-.' wien iy .:_:-'--.-:--- . ";' s v e
- ;
3 o] ¥ . L

III4 Jm,mgnimmmw@;@w,;J@;;Q

;o | zvamm; _ _Wi‘hh em if% /) mdim@mmnm_m@rml_ diatri’&mtimwibh
ame covariance matrlx as the exact distribution of
- _thaﬁ@ﬂcmiumnwtatalsg '
' (This is a submabrix of V , Bee 2.,6)
From thils theorem 1t can easlly be deduced tha't- the ata-
tigtm ,{:: » defined by (2% WS) hag under the same condl- |
tions asymptotlcally a X' ~distribution wmh 7=/ degrees af’
freedom., |
This theorem 1s a congequence of the Central-limit-
theorem for random vectors (see for Instance E,'?E'} pe 318, |
where this theorem 1s pr-ﬂv@ﬁ for the two-dimensilonal case |
Iheorem IV Wﬁ EL Tor any mw Arou-suffix 4o )s Ehe corres-
ponding ; /%é m_mlm
I‘?’_q the mamber of 3.

IV, there 18 a set 7 ot 7 sotmm-surizes ({22)

distribution of £~/ gquanbi .i.'--f?[w B &% , + 81l

o _m m ¢ *i:m Mmf:-?.}f & uivalﬂnj :W‘i'b h, th C»f / ‘

o _.mal ﬁ_ﬁ:uss Lm'tmt:&.gn. _I_'thﬁ &xmfgﬁg trib

1 ~ Theorem IV is due to wmﬁﬁmz. i
 have been treated by T.J TERPSTRA Cﬁ 1

'Iﬁ follows tha@ o ~
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(2.8.1)

has asymptotlcally a z -distribution with /=/ degreed of
freedom, 5

' Th@gvam *

F@r & mh@m@, all mimbers - ff of which are bounded:

#
(2.9.1) £ SN

II.I3 end III, can be replaced by the followlng more conve-
nient conditions: | |

~71J‘niﬁaﬂ by ﬂl% ﬁf“
o  for the 1imit theorems used
ST caifmmnm between the exact and the limit

/

oy e’ 18 not a matrlxof

the type

| f /
in which P and 9 are square matrlces and £ and O conw-
sist of zeros only. (Proof see 4,3)

2,10, It :f'li:lmwa from the theorems consldered in that
the statistic ;{ . defined by (2.6.3) mymmwmaally has a -}
ff . mdmtmlhutmn with #=/ degrees of freedom, 1f the
_mhema conslats of a mt of TOWS . hbaying II:!Z,I; song Iy
a set obeying Wﬂ o amsl _ ::.
~ Applying the theorems IIT and IV for finite schemes  §
in practice we will tranalma ”bmnﬁad" by "small”, "inf’i
mp#dtically by "approximately. As
d, Wﬁ have no estimate of tha
distributions

SORB '-"."_".W& @ not e m@m precise in our formulation., In specilal

o aumwm the ﬂ’ mawmximmiﬂm HpEpEEs appeared o und@rw
o f7fo:@$himafajtﬁ@;iaval of migr -

C _;mmﬁ _#f“ Gﬂ@ of the non t@ﬂtp&mﬂ sets occur wmmtuw a
- »Mham@ meﬁ f@r gach 8o wm’imaﬂ scheme we c::"

however » wheve the mmt distribution could be cal- §

ifiﬂ'&nﬁﬂ X *

I..f.’ 'th@ .ff-'ummr J mf’ nmzi compared sets of mbjmw
5) 18 -;matm* ‘then 1, the ranmn@;s in which the o}

@afina a
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- atatlstic of the type ﬂ' : according to 2,6. Under the con~-
ditions mentioned in 2.8~2,10, these statlstics wlll have
}(’@"mcﬂmw:?.butionﬁ with numbers of degrees of [reedom -
that are one less than the numbers of elements of the
non compared sels. Furthermore they are independently
diatri’bmwd under @% ¢ hence thelr sum will then have a
)( ~dletribution with -V degrees of freedonm,

Fu*'ii?; The stablstic defined by (2.6.3) can be written as
paaimv@ ﬁ&ﬂn‘lta quacﬁraﬁia form in fﬁmf column-~totals,
 Por instance M# 50 o ,ﬁwﬂ So 1t may k;y 1inaar transfor-

mation be Ctransformed into a qmaciratic form of the type

ZCa. 1 L P=/) and e &; A
G&anutn‘hly }( ,, Will ba large 1f there 15 a ﬂstmng va~

Vit & e %
riation ln the numbers gf.: Coe Hpyey (< of, 18 large). We

gxpect such a gbrong v.m:*ia‘bi@n 17 the observers are con-
cordant .

2,13, If we compute KRUSKAL's /A (see 2,8) for every row |
of our scheme, the sum of these statistles will, under the |
appropriate conditions (theprem IV), asvmptotically have
a )(&ﬁdistwihution, with a nunber of degrees of freedom
equal o the sum of the degrees of freedom of the indl-
‘vidual terms, In this way we obbaln another test for ~»* |
rankings fulfilling the conditions of theorem IV, It is,
however, not a test agalnst concordance but against inhamam i
genelty iu sach of the rows separately, or in terms of th@
random varlables ﬁﬁy , & test of 4 agalnst al‘car'nativw
invwdving, that the differences of many palrs of these |
variables with i;he same suffix /@, nave a medlan eiif‘f‘@mnt
from gera,

S cASes .,

3.1 In Bhi& paragraph we conslder mm@ special camses
which the scope of the computation of can be mﬁuaem
Wwe shall also see that mmw m@._'w:@arametric t&ata can w

ﬂ@nﬁiﬁ@rﬁd s apﬁaial cases of wuraﬁ_' ',

We shall }?I"ﬂ?& :m ,4_*# {'bh@ﬁram VI} that; tha ammm.,
tic ) is a li;nwr' wmpwm ra

{Whﬁr'& r Wh@ ﬂ@- €, ﬁ} K2 ﬁ@y ) -
| Iﬂ thﬂﬁ ﬁaﬁﬂ h&"e“& -
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g ¥

M@;/@f Cu .

(3.2.2) Xj -

For med condltion {3.2,1) iz alwgys satisfied, (Pub

f"‘- _, Gy o/ @}@1 sy etc.,; the statlstlis then becomes:

For #2J3 condition {3.2.1) can only be realised by
designing the exoveriment approprlaetely. For instance, 1P

(3.2.3) .4, = 4, by
then

¢x

& - TMMMMiZ é%,, =, where b= o gff and 47, 1s defined

w%@ - J Vads
ot gﬁ% e
fwmwwx A A g

2, o
by (2*,3*@}* (P‘ut‘. @W = é ;;- ﬂ ﬁ?’ )

1 med , condition (3.2, 3) is fulfilled 1f we put
{@mittin@. the suffix pe K , B = f,@, . We then
have

Z} %
o B0 e
(3 251%‘) ,/El gé' M i‘&ﬁa@m ﬁ(

4

This is 2 specl al cane (Z 24 ) of the statistic
defined by (2.8.1).

Thﬂ ﬁtaﬁiatia

i
i

defined by (2,6,3) 1s symmetrical .

.........

in all 44,, i and :mly if all covariances Ui,/ are equal.

(Proof see 4.5, thm:mm ViIL) |
We tmﬁ have ﬂ‘y =@ and (by {3.2,1) end {?HQ 2))s

(3 3.1) ,1; L Gt ; wnere T= 3 Z‘Z///f’-/)/

L T

In each scheme with #=2 , the statistic ;(4_ is

gy metrical, :.Mauw of &, » 3_2' e 0 we then have av, = R |
o &%, and x o % ‘hes asywptotically a ¥ -dis-
"'*mibunmn with one degree of freedom, 1.e. % is asymp-
o 'r_.-._twally normal , undw the appropriate wndimwum ﬁpwim
cases are the sign-test E*‘Q s where mst and é‘mﬁ T for i
o AV and WI-»‘-:'.:-*#}mN i - wm L '1 3_) L"T] ¢ Where 77= ;@« ,. _
S mmey Applyiw our theorem III to the signtest, wa see B
S -ﬁhﬁt s% é m asympto tiwlly nﬁmal f"@r By =202 , if ti M

: ( Bup wf Lue ’f??;&! :m:sw) are pmitted ,,, Jg HEME, f{ Ima prmvad tha'b
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Cleloa
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. .
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L e e A A . ’

the sipntest is asymptotically more powerful if ties are
omitted than 1f we dlvide them equally among the positive |
and negative observations. (See [5).)This leads us to cone
Jecture that the power of our generallzed test of 72 'ﬁ;ank'-%
ings would be decreased Lf guperfluous rows had not yet

keen omitted,

1.
The X ~gtatlistic for the ordinary method of 772 ranke

imm with correctlon for ties is an example of a symmetric
/'){z with 15',“ y &/ + We then haves

A

(3.4.4) 2/,:’

= - = L e Wi e I L R BT [ st .
T N P -

%1% fw "y J —T

. Am e i w ke § - R Y T AT S T o e g " - e -
R R R VA o a . el L e T Uy U P IR N

(33#%2}

e Bt o = e e e ot e

1L there are no tles (l.e. ¢
| W

and )( 1s equai to the statistic aefinad ?;3)3 (4 2. ‘?’}
The X ~3tatistle for the DURBIN-scheme iz also a

.-mmmma ;(‘ s With Aus4 , all 4,, are Oar 1,
- e A i'm:* v and there are nc-ﬁ Cles, We

g i i gy L —r  n — u—or b el e e e e e a ) o g
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Proof: M., G.EENDALL's expression for the varliance of Lkd
his rankcorrelatlon statistiec © has been adapted by

J HEMELRIJK to the varliance of WILCOXON's &
mula ¢an %amly be& reduced toi

(%91a33

where A7 and24 are the numbers of elements of the samples
8 congldered, fﬁv m the number of ties of slze » and A

o is the hypotheslsg that a2ll manners of arrvangling the »»s¥

’ venks in the two samples have the same probabllity (Cf. 2.7)

y.oo . As & v 18 the reduced statistle of whléeBXEn of the

. - sample of observations of cell {/mz )} against the sample B

- of all other observations of P taken together (see 2#2),#
L ~ we have:

Now tha formulae (4.1.1) are obvious, as the rankings a’r"&
independent if Ab 1B true,

k.2, Sheorem IT (See Z.5) . '
- IL:E* end only 1f there are 4 non c@mpa:t‘*mi gets of
objects the rank of matrix / is #=—7 a |
Proof: 0,TAUSSEI has drawn attentlon to the i‘ollfmimg th&a«- |
mma L@‘h %ﬁ é) be an A7%p- m&tri}: With complex elements
auch that& o B

' g .: I' ,.ir"i ‘

ate S .. wnn
e - _-rl'-'J" .
T
. et L EE R A FRA T 1 e
ey

t/gum/-" " M‘)

with %ﬁuﬁli‘i}ﬂ‘ .Ln at nmat 9] @Eﬁﬁ@ﬁh Awum&e f’mr’thm“ that @
‘i:;m matrix o f N ensformed to a matrix of the form [

the mwa anei mlumnm whﬁwa P
28 _}ﬁif amnﬁiab& of zeros., Ib B
hat  oed ' G P (@ L:l fﬂ thmrwm '%?;:M
Iitn ﬁtaf pmﬁ&f @f ‘this ﬁh@im@‘ :i.t :m ahm *t;hm; if‘ 'tsm

&w_d 3 Y
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matrix 1s of the form @.2.2 , det (ah)=0 .

Our mabrlx 4 has the fellowing propertlies:

o (v'#Vv)

(4,2.%) 0,, >0 , if superfluous rows are omit‘bed, see
2.4, e

(4.2.9)

By (hﬁh%)m have immediately:
(4.2 clet Vw0

Hence the rank of ¥ i not greaber than </ .

The matrix /4, , obtained from &~ by omitting the ¥ -th
row and the ¥ -th column, fulfills the condlitions of the
theorem mentieoned; hence "bh@ rmm of ¥  1is anly amallw

A8 7 e M@ @'#"

a iyl P o b i
e TV SR
i : 5 o] #
A A e AT M S —
y Ko ssivginaiey e T

ERPOfTY BY | L ¢ will alﬁm ba of thi@ fmrma C@nw
v&rﬂ&lm it v is M‘ the form (¢ 2,4) 1t is trivial that
its rank is #~2, | |
We have seen in 2.5 that "7 is of the form @2./) v is
sequivalent with: "the number of non compared sets of
ocbjects is gresater than 1",

I d27 We c:anﬁ by xﬁap@@mng our argumnt to the
matrices /“‘3 am‘i
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~ " | Now by (4.3.2) and (%4.3.3) we see that the condltlons
(2.9.1) and (2.9.2) are sufficient for III).
= j By (#.3,1) and (4,3.2) we have, that if (2.9.,2) is

If follows essily that the condltions (2,9.1)~(2.9.3)
sufficient for III4,
. 4.k, Theorem VI.
¢ I and only 1 there are @maitiva numbers <&, such
A that
) _ _ ’
" {3.,2.1) Ot ¥ ™ Ey Cyr “”?W)

- n - . s e f | . ; R
exist such that

W%

(“‘“”U X s o & &,

Proof: If the matrix of A is derived from /4 and the

matrix of 4 from ¥ by omltting the 22 ~th rows and nalummf

we see that ;{3 (defined by 2,6,3) is a quadratic form in §
o e B
ﬁg,‘,ﬁagng s the matrix of whileh 1is the Inverse of the

matrix

} ﬁfj e ﬁj}@wj ]\\‘E
' : 3

S m_m a qm;mm f’mm m' m, R A Its matrix must
'.@;Eﬂigg thi& rmlaﬁi@ggti@m#*fé

' '”““4]4%$ th& iwvaraa ﬁf maﬁﬁ7'“

TGy’ are equal, ¥, §

 $3§
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Frﬂtf& If all covariances are equal, the symmetry'offz;L

18 trivial'by theorem VI. _ - X
If ;f ig symmetric in wga»a»mﬁg,ﬁ.it remaing a EymMﬂbrie f
quadvatia form, 1f wa ¢liminate one of the variables )
U . s 80 using <F éye¢ , The matrix of such a quadratic
form is the inverse of a matrix 4l obtalnsd from 2~ 3
| (2.6.2) by omitting the V ~th row and column., Iu thia!kiy'
all diagﬁnal and all nmnmdia&@mal element& must be equal,

It Pollows that all mvw*’? ances  Jy¢ wt( %Wj are equal.
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